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tN* Z* 95 xQ* Z N

Xx=1+——,x11
1+t

\b
9 * 9 U™* 91 N

dy
t—- (x tF O, 0
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9 I(F:;g "0 9H 9 J* F134 f(tx)=t h(tx=x-tF
9;; 564|g(kxky=Kdxy 9L X;; -Mn 9H 9 J* g(xvy)
S*<N 3=#K
J>UKN!'"#91 QU x=stj82%*
t(s-1)dt t(sdt tdy 0, O
JN/* ¢+ 22 9 1 RK*

ds= - %+ Cto

[(

s=C- nt, 2 0
x Z* 9S (
x=t(C- n{),t 0
$O09H 93 91
NPT
B (1) x=Q(Y
dt
9L ™8N

X:Cé P(t)dt+ e P(1) dt q ) eP(t)dt d
x+ $ G 8 Complementary FunctioA / 9 " 8FO0 \
N/P "# 1218 N [( xs $ G 8 Particular Solutionu) N 3~
X=X+ Xog

9U™* 91 N
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142

N  x.=Ce* T(JI=P(t)=t 6f |- x,=ce "™ 9/ 9 H2

12/8 x,=€* t'dt=1 J=Q(t)=t V. xe=e " e diu)
General Solution N

x=Ce¥ +1

JI"M,* [ *A XA 1J8A 'c [ *MXY[28 N |+S

0=C+1 C=-1J ] 82* x=0 # x=0 /* Initial Values (IV)9 (

'x=1-6*' 9 0} P XK N 12/8

9U™* 91 N H(
dt? tdt
dx
J yzaQU2/9A9H K91
dy 1 .
___:t
o e

'R: 8*T €*@'y3="0 9H 34
Higher Order Differential %21 1.8 6 %?2) T #

Equations

Linear Equations with Constant ¢ a I# %S " 1#
Homogeneous Case Z# Coefficients

N/P "#34

d"x d™tx
+a——+ +a x=f(t
dtn a1 dtn-l an ( )

2
# N/P x:%( x:%2491 Ntd*u G K ) 2

n

d"x

N/P "#9; 91 g *=x"==_
dt

XV +a X+ +gx= (9
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12/K  \{ X 2Ya,a,...3 V h9*Y 9: > 9 UK >S1 "K
[( f(t)=0 T=12/83* >S1 56T cJ* NP S 72 '9;;
N/P "#>S1
XV +a X"+ +3 x=0
3=j82* hc[ *MX " €10V x=céd'N J >S1 564N
a*89; 91
(/"+af "+ +g)é' =0
'‘Characteristic PolynomiaG 1 AU KP(7)°7 "+ 4 M+ g
91 | %( ( 6H (( F2 34 T +t2 / L
Auxiliary Equation # 91 " K 3* P(/)°/ "+4 "+ +3g=0
6J n T P(/)=0 I+=n 9H 1 "< 34 P(/)I(V
,k 9::12/KI M 6] 5641+=9; a,a,..a X < -M// .4, .
x =Cé€",i=12,..n * N<'Complex Conjugate8 ;* 9< 1 #0
2/8 ¢ [ *MX "9 U™* 91 N 24
x=Cé'+Cet+ +CE¢&
>S1 9 3= Complementary Function9 / 9 38 18(
9/ 9 24 N 12/89 J*

x+3x+2x=09 U™ 91 N

12/8 /,=-1,/,=-234 P(/)=0 6H P(/)°/?+B +2 # 91
N
x=Ce'+Ce”
9 0}P 1188 *M *~
sRepeated Root§J /K9
34 6J 6T 9K F2 I+=> rl#/=, " 6H /K -M

et tét et .. tTe
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X+4x+5x+2x=09 U™ 91 N

34 P(/)=0 6H P(/)=/ *+4 245 +2=( +)*( +2 # 91
N 12/= K [ -186) /,=-1,/,=-1/ z- 2
x=Ce'+Gte' + G¢'
t=0 # x=1,x=0,x=19 0} P 98 *A X 2 L H(
NU* 8D # H2 N

x=-Ce'+ G(I- et 2G¢
x=Ce'- G(2- ) e+ 4G¢

J9 0 ; j82*
C,+C,=1
-C+C,- 2CF 0
C,-2C,+ 4C=1
u) N "#N j82* C,=-1,C=3C=2F2 T 3*
x=(3t- )e'+ 2e*
Linear Equations with Constant ¢ a I1# %S ° I# % C

Inhomogeneous Case Z# %l Coefficients
9 J* \>S1 N

XV+axX+ +gx= (9
Complementary Functiod / 9 " 8 x,. V x=x,+x; NP "#24

‘Particular Solutiom) N " 8  x.

'w) N 1J8Mlbe* 2 h9/ 9 1 J8M9'<9: : 3= 8( :
a) N 1J8MCD
sDbN 98D
n 2
pro 9 prod A-podg g pNU* N #8K

dt" dt® dt
9L P(D)° D"+ aD"'+ + g Polynomial Operatot NN #
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P(D) f(t)° (D"+ aD™'+ +a,) f(1)
- 10 () ra ()« +a,1(Y
[( D°%(t)=x(t) a,D° 24 a, (¢S { n NU™>* 9 L9flt) V
1 2 NU'KN #

DNU™* N#N!"#9 * 9U™* 91 QU

2
d—zx- 3% o= e
dt dt

X- 3x+ 2x= te'

D?x- 3Dx+ 2x= te'
(DZ- 3D+ 2)x= te't

P(D)° D*- 3D+ 2 4
D) 4d\
> "< F #P(D),Q(D),R(D) I< NU™ 9 LFflx),g(x N<I< -M

9 *u2) T1 > <F#I+=1

(x=PD) f(¥+q D ()
P(D) QD (¥
Y

T TV O
/N AN/~
W)
SN—
—_
—_
=
+
«Q
—
=
o
sy
Nw)
—_
—_
=
+
JON
<~
Y
<

R(D)* A D B RD

The Factorization Theorem | %?2 W
(/-1 )N # L) 4/~ ) N2# T/ "+a "+ +a 1 (e

6@ #

D"+aD""+ +a °(D-/,)(D/,) (B/,)
$ PermutaiorN81 K[f F *81 /8 80 : | S
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X+5X+6Xx = cost
(D2+5D+6)x:cost
(D+2)(D+3)x = cost
(D+3)(D +2)x = cost
Distinct Roots 2 $# ,"Z
T 2#N/!13=9 N 9H 9 91 "O

(D-7,)(D-/,)= 0,/ ¥ ,
g*=9; 9L 3=(D-/,)x=ue2#

(D-/,)u=0

du_ /u= 0
dt

N T u3="009H 9 J*9U K91 34
u=Cé"
J (D-/,)x=u #j82*
(D-7,)x= Cé*

%- /,x= Cé!

N/P "# x3="0 9H 9 J* \9 U K91 34

%+P(t)x:Q(t)

24 T
X:Cé P(t)dt+—e P(1) dt Q)ep(ﬁdtd
| © 8*<N%™* €*K{N 12/8 Q(t)=Cé* P(t)=-/,V

Cl
(/1'/ 2)
x=C¥"+C ¢

éﬂ + g éz‘

X=
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Repeated Rootd, # ,"Z
N N OH 9 J* 91 *

(D-/1,)°(D-7,)% 0O

g8 u=Ccé* T 3* (D-/,)Ju=0a*gD-/,)x=uQU N 2 N8 *

(D- /,) x= Cé?
9, 91 g K(D-/)x=v9*
(D- /,)v= Cé€*
N T 3*
v=CE* + C &
(D- /,)x= C&*+ C ¢
"#N T

X=C#* +(Cx+ G) €
‘N N%™* F<MR : "80
Complex Conjugate Roots , /# 9<# ,"Z
NP "#9;;, > T 3* P(/)=0 91 R< ©6H 12H 9 3=

u) N NI'I2/8 /=m-in NP "# & 6H€ 41 +=/ =m+in
e" (G cosnt+ G, simt)
N/P $12/8u) N I+= m 6J 981 K9 3=
e" P, (t)cosnt+ Q,, (1) simt
K 98 *MX 2Y Tm-19H  t3=1 > A<Q.,(t) P.()V
9 3K3/P(/)=091 9;; 6H a*K3* [01 "M1 564
"X 9/

91 "M O

(D°- 5D% 12D0° 1D% 1D dx ¢
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N 2# N/ 3=
(D-2)(D- 2 i)*(D A i)’=x O
349/ 9 '0981 KA=1 m=19 ;* 9< N2
Xr=€ G+(G+Gicost+( G+ G sint
/[ 9/ 9 1J8AgU N/P >S1 N d 8D N KiI(e <
'u) N 1J8M3= "< gi*Kk 2D N 2L
*) NP 9 J* \91 9%

9L "8u) N

8*< 872/ N P*(D) V
/

=3¢
dt
(
Dx=t
J x Z* N
x=Dlt=1t+C
2
]6< N /% NAK D [(
D?x =t
J 72/ 1J8+
x:D'Zt:Dl(D ]t)
J I N /*

x=D?t=D" %tﬂq =%t3+Qt+g

v KON 3 KD
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72/ 12IK D*'3=1 A< I2IKPY(D) I+=D 3=1 "< P(D) I(
[(P(D)
P*(D)P(D)°1
Xs = P(D) f(1) [( f(t)"# P(D) 72/ :K9D 24u) N 1J8M -M
'N A9 LE(t) 12/KI("#
Inverse Operator |1# | V 10
oL 3:8 f(t)9 1"#N 8[6 (D-/)"72/ N YK

(D- /)" f(t)=€* f(1)e' di

91 u) N H(
(D-1)(D- 2)x @

12/8 (D-2)'(D- 1"2472/ N
x=(D-2)"(D- 1) ‘¢

a*gD-1) "¢ 3# I8 *

(D-1)"€e=td
a*§D-2)'te "#I18 * K Y
Xos = - (t+ 1) €
2: 24
b

91 u) N H(
(Dz— 2D+ 2)x: é
N
N 2#N/!I"#91 QU2
(D-+i)(D ¢ i)x €

8*<N Q*
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(D-1+i)x=(D- t i)"e
=) ge™t di= it

12/8 3 *
x=(D-1+i) ie
=e igett di= &
24u) N | [(
Xog = €
'2: 24
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Difference Equations %F Mt

[H Z* >L= 41 12"K98 H>S1 # #349L  >Sl
Z* 9L =>S1 3 * I+x =x(4), k=012..nl<2 A=9  L6f8

X, k=0,12,..n

X=X X 0
X +2%., =5

X -30

X -3k F O

9 *u2) $ B3) 9KAN#VIO

L84 F

S°D*3@Th QJ N#°eB'3 09 KAN# 48& #€4
'OH XL T )* 2 3*

3 186 %S %k |#

N/P "# 34

B Xt A, X 1= G k=L2,.,1
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N/P "# i8 R*K

X, = - %Xk_ﬁ S k=12,..n

Qo Aok
X =Ax ,+C k=12,..,n

'9* YAL OV
J k=1QU2 h: xle="# x=Ax,+C k=12,..n91 N

X =Ax+C
k=29 ;
X,=Ax+C
=A(Ax+C)+C
= A’ +(1+ A C
k=39 ;
X=Ax+C
=A(Ax+(A+) Q+C
= Ax, +(1+ A+ B) C
# N/P
xk:Ak>%+C(1+A+K+ +A‘1), k=1,2,..
| S
K
1+ A+ A+ +N'l:%’ L
k, if A=1
N g8
. = Ak>g3+(:11'_AAk if All, K=012..
X, + CK, if A=1
e
X < -M
X =2%.,+1, k=12,.
J =59 9;
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B 1- 2
x =5(2)+1 o

=6(2)- 1 k= 01,2,..

k=0,12,.

'5,11,23,47,.9 ** 12/8N | J 0,1,2,.. ; k.:#+
Excel:8 & 3 1.8 6 %S %F # T
B *<Excel: 29 ; /8 8 [KO9L ® >S1 N
SR S ™VvVA .~ YVA ™ FO :0 {3* NI
A | B |
1 k x(k)
2 0 5
3 |1 =2'B2+1
4 2 =2'B3+1
5 3 =2'B4+1
6 4 =2'B5+1
7 |5 =2"B6+1
8 6 =2'B7+1
9 7 =2"B8+1
10 8 =2'B9+1
11 |9 =2'B10+1
12 (10 =2'B11+1
DPI*
A | B |
1] k x(k)
2 0 5
Y 11
4 2 23
5 3 47
6 4 95
7 5 191
8 6 383
9 7 767
10 8 1535
11 9 3071
12 10 6143
S* NP T
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x(K)

7000
6000 L2
5000
4000
3000 .
2000
L 2
1000
L
Oe6—o o o o ¢ f :
0 2 4 6 8 10 12
g
X < -M
2% - %,= 4, k=1,2,.
J %=39 9,
X ==X,*+2, k=12
AL
_(%)k3+2 (21) , k=0,1,2
-(3)
=4- (1), k= 0,12
'3,34,32,3%,3,.9 ** I2/8N | J 012,. ; k.:#+
Excel: 8 &f
SR S ™VyA .~ YVA "* FO :0 {3 * NI1(
A | B |
1 k x(k)
2 |0 3
3 1 =0.5'B2+2
9J *
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A | B |
1 k x(k)
2 0 3
3 1 35
4 2 3.75
5 3 3.875
6 4 3.9375
7 5 3.96875
8 6 3.984375
9 7 3.992188
10 8 3.996094
11 9 3.998047
12 10  3.999023
13 11 3.999512
14 12 3.999756
15 13 3.999878
16 14  3.999939
17 15 3.999969
18 16 3.999985
19 17  3.999992
20 18 3.999996
21 19  3.999998
22 20  3.999999
23 21 4
24 22 4
25 23 4
26 24 4
27 25 4
gg *
4.5
4 ) 4 \ 4 A 4
*
35 L 2
3¢
25
3 5 |
1.5 4
1
0.5
0 T T T T
0 1 2 5 6 7
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X < -M
X +x,=1 k=1,2,.
J =19 9,
X =-%,+t1 k=12,..
k
=(-2" Lt , k=012,
1- (9
:% 1+(-1° | k= 0,1,2,...
'1,0,1,0,1,0,.9 ** 12/8N | J 0,1,2,.. ; k .:#+
Excel: 8 &f
SR S ™mVA T Yy FO :0 {3 * NI
A | B |
1 k x(k)
2 0 1
3 1 =-B2+1
9J*
A | B |
1 k x(k)
2 0 1
3 1 0
4 2 1
5 3 0
6 4 1
7 5 0
8 6 1
NP T
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'6/4 Mk~ 3=9 * 1#0 ( LO9 * 3:K3* 9 09; 34 "
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HIK 9 ** "#9 0 ; VYIK
K"#9 09 ; YfKe* 2
A

9 * 9L 91 N

'%,=0,,29 0 ;
Excel S&




A | B | ¢ | D
1 k x(k) x(k) x(k)
2 0 0 1 2
3 1 05 1 1.5
4 2 0.75 1 1.25
5 3 0.875 1 1.125
6 4 0.9375 1 1.0625
7 5 0.96875 1 1.03125
8 6 0.984375 1 1.015625
9 7 0.992188 1 1.007813
10 8 0.996094 1 1.003906
11 9 0.998047 1 1.001953
12 10  0.999023 1 1.000977
13 11 0.999512 1 1.000488
14 12 0.999756 1 1.000244
15 13 0.999878 1 1.000122
16 14  0.999939 1 1.000061
17 15 0.999969 1 1.000031
18 16 0.999985 1 1.000015
19 17 0.999992 1 1.000008
20 18 0.999996 1 1.000004
21 19 0.999998 1 1.000002
22 20  0.999999 1 1.000001
23 21 1 1 1
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1 \\v\ .
/,
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MmMN 9 ** *K-M>S N<3=;* NZ&I -
-
9 * 9L " 91 N
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Excel S&
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; 9=

Dx(1) =5 x(1) =AY +

A | B | ¢ | D E F |
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3 1 -1 2 5 4 -7
4| 2 -4 5 14 -13 -22
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7] 5 -121 122 365 -364 -607
8| 6 -364 365 1094 -1093  -1822
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10| 8 -3280 3281 9842 -9841  -16402
1] 9 -9841 9842 29525  -29524  -49207
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14 12 265720 265721 797162 -797161 -1328602
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QU™ 91 ;K3* aftfb *=3=9;;
af tE
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"% =x(ad 9 09; I(e” 98 *MX 2YC A0V
9 ; aftefb * F *MS R*K9L =91 9 U911 564 R8;*
"Ma * n RH2 ¢ L 6f 'T#9L 91 18K /8
* }; h=(b-a/nF2: >-98 * .GHO n"Mb
t,=a, t=a+h t=a+2h.., { =a+nh=t

"% =x(t)=x(t+kh 9 ¥ k2 d #1

| NU ™
D
Dx(t, ) =lim =t
Dx({)=x()=A()+C aEtEE QU™ 91  F *M 8 6T
oL " 91
%:Axﬁc, k=0,12,..n- :
(
X =(1+Ah) x +Ch k=0,1,2,...,n
> "0 9H 9L =9:34 0091 xx " 0}P Q
<T 9*Y

C C
=(1+ Ah)* Z .2 k=012,..n
Xk (+ ) )S+A A’ 3=y & ,n‘

C=0 #9%) 9
9U™* 91 9T K;*]-94 T9 34

Dx(t):%x(t) =AY, aftet

'x9 QR *q9 x9 30 zZ* F (
34T9 *98;* 9L 91
X =(1+Ah) %, k=0,1,2,..n :
T 3*
X = % (1+ A"
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249 U™* 91 NI S
x(t) = %,
~ 8A<0 # x 9 Exponential Growth3 2 a*8 A>0 9 3=
" Exponential Deca@ " /M
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Linear Difference Equations ¢ a I# %S %F Mt

with Constant Coefficients
NP "#X < -M9: Tk=012,.. ; "#9= 9L =91 |F;8
fo (K) Xeon+ £i(K) Xt + £ a( K %0+ (R %= ¢ &
> X< -M 'k=012,. "# 9= k q F 1f,f,..f fg V

**'n-1'"n

Y I2/KI G889 {9*Y> 9:12/K91 I+=X 2Y Tigt,...f.
'm9H  I2/IK91 I+=,t0 fr0 N<X < -M9:
DN (
9" Y> 9:9L=>S1 3*
2% - %= 6
izt 2Ky * X =3
Xea™ %= K
91 3=D ;KNi=0 =f,t112/K #'RK* "#p o m>H1 T
91 N/!'g8 2 8 x.., N NJ3 T#
Xeon+ B%ani A%+ 3% = (K
"a=1f/f, i=1..n; r(k)=g(K)/t V
| e* 2 9* Y > 9:) 9L >S1 O NP ) 2
; "#9= 98 *M9dk), k=012.9 a0 i8 X 2Ya,a,..3
p o m>H 9* Y > 9: 9L =>51 343 *=643#:

3 2% "#
X + 3% = 1(K)
Xerr T A%+ 3% = 1K)
Xeia T B %ot &%yt 3% = 1( K
91

Xern T @ Xn1t +8,:%, 13 %=0
9:) 9L 91 9 * 9*Y> 9J 9:) 9L 91 "K
Keen &Kt FA K AX=(ROFY > 9 JF
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W

4= Xnt8Xen,t *3.%,t3%=0 91 X W o1< -M
'C, C,98 *MX 2" TN i8 2+ ¢ ¥
980

N XPSI< Xern T A Xn1 T +anl)§k1+an)$<:09 J* 91 N Xcr < -M

N X +%s H=Xotax., .t +a,x,+ax=(K 9 J* V91

XentAXema v +3:X,tax=(R9 J* \91

General Soluton of the Homogeneous Z # 1#2 |

Equation

Xeon T A X+ +a,,%,+3%=09 J* 91 N 1J8Me * 2
S * <9 f

9 J* 91 N H |m

X~ %= 0
Auxiliary Equation # 91 "#N = x =/ /10N J

/¥-1 *'=0
/¥ -1)=0

N 128 /,=/,=1 8 * 8GH T # 91 I|+=/20|
249 J* 91

% =(G+GKL
=C,+C,k

'9 0})P 48K=*8cC, C 8 *M *YT
9 J 91 N H |o
X = 3%t 2% ,= 0
Auxiliary Equation # 91 "#N = x =/ /10N J

/k_g k—1+2 kZ:O
1?0 2-B +2)=0
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=1 ,=2 G T (/*-3+2=0gK # 91 I+=/0|

24 9 J* 91 N 12/8
X =C/+C
=C,+C,
'9 0}P 48K*8cC, ¢ 8 *M *YT
9 J 91 N H|p
X +3% ,+X% ,=0

Auxiliary Equation # 91 "#N = x =/ /10N J

/k+3 k-l_/_ k-2:O
1?0 2+B +1)=0

GI] T (/°+3 +3=0 gK # 91 I+= /10 |

249 J* 91 N |2K34='3;JE/2='32J3
X =Cly +Cf ;
k k
=Cl'3;V% +CZ-32J%

'9 0})P 48K=*8cC, C 8 *M *YT
9 J* 91 N H |n
X+ X1 tg %, =0
Auxiliary Equation # 91 "#N = x =/ /10N J
[+ ¥t+f K2=0
12 2+ +1)=0
L=l ,=-3 GJ T (/1’4 +)=0g K # 91 I+=/101
249 J* 91 N 12/8

% =C/i+C ;
=(C,+CKR)(-4)"

'9 0} P 48 K*&, C, 8 *M *Y T
9 J 91 N H |w
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Xt %, =0
Auxiliary Equation # 91 "#N = x =/ /10N J

/¥4 <=0
12 2+1)=0

GI] T (/*+1)=0 gK # 91  I+= /20 |
249 J* 91 N 12/8 /,=i=v-1/ ,=-i=- 4 1
X =C/{+C 3
=Clcos’0—2k+C2
‘9 0}P 48K*8c, ¢ 8 *M *YT
Polar FornB :L N/I"M9< 1 #0 N8O
3* j82* r(cosg+isig)":;; N/P "Ma+biR< 1 F28
= +b7

a . b
cosg = , Simg = , - p< gE
g b g (1 7 p<qc p
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S * NI
J

NN 9< 900 < N Ka 3=T*J 92T 249 .i=N""K9 4(
"4\ STELLA Vensima

vensim9: 2 9L ° >S1 9 .i=N~"K

sVensim9: 2 O N~”K

dx=y

dy = -5*y+7*x+2*k

k = LOOKUP( [(0,0)-(10,10)],(0,0),(1,1),(10,10))
X =INTEG (dx, 1)

y = INTEG (dy, 1)
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%& & -. #$ VI
KA<(,- . 9 ><K *K3* 90 ,- j7 3 2
3, "M L
S Ba @#% -.# re
#W* S2* | U=2=hXYF 108 (11G8 O R<Kd 64
9L " 8 T ( 18G F I+= 7 N*8 G

N/P N*8

£3 X > X(t)

N/P " K q

Graph for x(t)

40

30

20

10

0 10 20 30 40 50 60 70 80 90 100
Time (Month)

"X(t)" : Current
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G — g @1G 290

& Ba  @#$ -.# gy
2=h12H2 9/ QR *8F ;8 ( 8®¢* (S2* *8,2 64
18G F I+= ; N8 G #W* S2r | U=
oL "8 T;
N/P N~8
£3 s > X(t)
N/P " K q

Graph for x(t)

200

150

100

50

0 10 20 30 40 50 60 70
Time (Month)

80 90 100

"X(t)" : Current
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S a #$ -.# h

&X YF tL *8XL2 ¢ 3= XYF 8G*S2*x W* N8

3 *<N*8

£3 X > x(t) X 3

=
o

& a  #$ - # ni
2=h12H2 9/ QR *8F 1;8 8B (§2* *8 -2 64

18G F I+= ;. N8 G #W* S2* | U=
9L "8 t;
N/P N8
3 e——  X(l) 13
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1% -.#$ nj
QL2 N*8 1<2 A=h9< 9J* 3:83/ *: * #QJ8-2 64
I(+S { G 9% G 2 9~ 9:=S T*# NA8 I+=9<

N/P 9< >S1 R¥K —— 1218 NJ* 1=

91

t; NJK 18kNJIK \%

> X

3 X ()

"0 9H 9 UK K1 N!"#9 ~ 9H 9 U™ 91 R¥K
3 * q State Equation8  >S1 {
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Graph for x(t)

80,000
60,000
40,000
20,000
0
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Time (Second)
"X(t)" : Current k
Graph for v(t)
400
300
200
100
0
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Birth-Death Modeb2 1S2 -2 |pf

ouU™* 91 1928
x=(b- d) x
9L (
X =%, +(b- d) x,

dx/dt=(b-d)x

Logistic Growth Model3*H2 2 " -2 q
9U™ 91 %28
x=k(H- X
oL~ (
X =%, +k(H- x,)
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Inventory

X > I

@ Sales rate
G G Market limit

dx/dt=k(H-x)

Product Limit Growth|3*H2{ } P

79

1 2 -2 W

QU™ 91

1928

oL ~



Product sold

Sales rate

Residual market

z=H-x

Market limit

dx/dt=kx(h-x)

9 [Z* 9U™* >S1  1%28,-2 |

9L (
yt:yt-1+k1(h' ¥1)
X =%, tk( Y- x,)
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Houses supply

Houses sold

dy/dt=k1(h-y)

Airconditions
supply

h=h,+kh,

y= Number of houses sold
h= Number of housholds

x= Number of airconditions

Airconditions sold

x;

yt:yt-1+k1(h' ¥1)

X =X, tk( Y- %) kx,

dx/dt=k2(y-x)

- X

81

9 > Zx~~A9 U* >S91 1928 ,-2 |y{

oL (



Hous holds

£3 X p h dy/dt=k1(h-y)

dx/dt=k2(y-x)-k3x

dh/dt=k4h
Houses sold
y
Adirconditions sold
X > P : Broken aircond.
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- #3 YI =39 %&, T

L2 9< -2 . "#EM m
C2 2 gu28,-2 '@la* 82K9< -2 . e* 2F" 64 3=
9= P 1 * 2 "2k N/ $@ ! *8V 2D 8Ha* 3/
*8a* .IF I[+= 6T a* 64 * 86 @ G "# *Ka* 64 #
S'#

a* *18 @G 1M
a* *P8IQL2*886 L @ Qf{1l#

T<IFM # a* M 86 @G .UL2* @ G WIOH.NPf
j T

2h |IB@THSH < L2 @ G 1# T=12/83* %ol 2 S|
| QL2*8 86 "#8*P { ActualCustomers= a* *1 86 @G "#
< L2 1#T=3*9 * 2 | L2*{ PotentialCustomers *P8
'8*P 18k # O jZz XY 8;KNO8 8*P #/
3M L2* bt F28 8*P N< bt L9 k ¥ $ e*
3:8 [6 |conversion coefficienN82* N { RH2 X Yc V h8*P

~

‘8*P 2 83/ L2* WLAS8*P 9 =S ;
L2* cot F2 T N< 8 *P n(t) H2& G #1 U*=M -M
g88** 1l#t+Dx G =D9 G * 3=8*P "M

n(t+Dt) =n(t) +n(t) cDt

03y

9 /K91 NI"# (

249; 91 Nh=0 G #8*P 1#24nV
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n(t)=ne, t20 (3

DL=91 NI3#|FHJY 9 >L <« 2 90

n(t+Dt) - n(t)= n(t) Ot
for Dt =1 (one time unit)
n,=n+nc

N, =(1+c)n

whent= 0, n =n,

n =(1+c)n,
n=(1+c)n=(1+q(1+9 n=(1+¢ n
n,=(1+c)n =n(1+ 9’

or

n=n(l+g, t°0

(1)
()
®3)
(4)

Vensim9Z -2 N~83 * N/P

f\ (t) Q

£3 = > n n(0)

dn(t)/dt

O

Cc

c=1 Units: *undefined**

"dn(t)/dt" = c*'n(t)" Units: *undefined**

FINAL TIME =100 Units: Month The finalrtie for the simulation.
INITIAL TIME =0 Units: Month The initiatime for the simulation.
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(5)
(6)

()

(8)

Yy

)
®3)

(4)
(5)
(6)
()

(8)

"n(0)'=1 Units: *undefined**
"n(t)"= INTEG ( "dn(t)/dt", "n(0)") Units*undefined**

SAVEPER = TIME STEP Units: Month Thedteency with which output
is stored.
TIME STEP =1 Units: Month The time step the simulation.

3 - > Actual
Customers

InitialActualCustomers

ConversionFlow

ConversionConstant

ActualCustomers = INTEG ( ConversionFlow, isliActualCustomers)

Units: **undefined**

ConversionConstant =1 Units: **undefined**

ConversionFlow = ConversionConstant*Actual©usérs

Units: **undefined**

FINAL TIME =10 Units: Month The final timfor the simulation.

INITIAL TIME =0 Units: Month The initialitne for the simulation.

InitialActualCustomers = 1  Units: *undefid&

SAVEPER = TIME STEP Units: Month Thedtency with which output
is stored.

TIME STEP =1 Units: Month The time step the simulation.
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Current * t T t T t T t t

ActualCustomers
2,000

1,500
1,000 L

500

0 g
ConversionFlow
2,000

1,500
1,000 L

500

O 7 525 5 75 10

Time (Month)

'8*P "M L2* MF 8*P 1# N/ 3S2 d +S
2 9 3=10hm@{T1 L2* 1# T=12/183* 9 %l Is Y
Al#1< -M 8*P "M T< 22* L2*0]- , *81 /8S3S
'1
24t G # :* @G 1#12/=™m 24 12* 3/ 1 | e*
N/ N82* F 241 e* t G #8*P 1#24n(t)V M-n(t)
3/ 1 Q :R *8N82* F le* 2h L2*M H28 #[*P
N82* F Il+= L2* | " Kl<2 ~=h9k90 [ # :* L2*
"6/4 c/424[*P N/ N82* F I|+= L2* Q 3:;#Ac/224[*P N/
249 G * 3= S*P 2 L2* 1#l+=> U’ 564 XK
{M-n(t) /M} Bt
24S*P n(t) N/ 2 L2* 1#12/8
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g88*P 1#t+Dx G #

9 /K91 NP (

249; 91 Nh=0 G #8*P 1#24n,V

M 3
= 0 6
n(t) 1+ (M'no)/no e—Ct’ t ()
logistic curve3* H2 " " 8" |6{9 1
OL =91 N'3HE|4 9; >L <« 2 90
. M-n,
N = ¢ S
na=n+el-on

N =n+c(l-an)n
wherea = IM

1#24n=11( U= —+= /* 98: T 29: \9 L=91 564
M=100 24 L2* 3/ 1 c¢=1N82* F t=0 G # 8*P

l+=a=1/M =0.01
Na=n+cl-an)n

n=n+c (I an)n
=1+1"(+ 001 } =1 1.9
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n,=n+c’ (- an)n
=1.99+1 (t 0.01 1.9p 199 3.

n=n+c’ (I an)n,
=3.94+1 (% 001 3.94 394 7.’

n, =14.85
n, =27.50
N, = 47.44
n,=72.37
n, =92.37
Ny, =99.42
N, =99.99¢

S* NP T

Graph for ActualCustomers

100

75

50

25

0 1 2 3 4 5 6 7 8 9 10
Time (Month)

ActualCustomers : Current+—t+——+—4%+—%+—4+—%+—34+—%+—3+—+%

S * /ensim )* + -2 6
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TotalMarket

Actual

Potential > »
Customers | InitialActualCustomers

Customers

ConversionFlow

ConversionConstant

(01) ActualCustomers = INTEG ( ConversionFlowtibllActualCustomers)
Units: **undefined**
(02) ConversionConstant =1 Units: *undefined**
(03) ConversionFlow =
ConversionConstant*(Potential Customers/TotalMgikeattualCustomers
Units: **undefined**
(04) FINAL TIME =10 Units: Month The finalrtie for the simulation.
(05) INITIAL TIME =0 Units: Month The initiatime for the simulation.
(06) InitialActualCustomers = 1 Units: **undeéid**
(07) PotentialCustomers = INTEG ( -ConversionFlow,
TotalMarket-InitialActualCustomers)
Units: **undefined**
(08) SAVEPER = TIME STEP Units: Month Theduency with which output
is stored.
(09) TIME STEP =1 Units: Month The time step the simulation.
(10) TotalMarket = 100 Units: *undefined**
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(01)
(02)
(03)
(04)
(05)
(06)
(07)
(08)
(09)

(10)

M-n(t) X - n(t)

c=1 Units: **undefined**

"dn(t)/dt" = c*("M-n(t)"/M)*'n(t)"  Units: *undefined**

FINAL TIME =10 Units: Month The final timfor the simulation.

INITIAL TIME =0 Units: Month The initiatime for the simulation.

M =100 Units: **undefined**

"M-n(t)" = INTEG ( -"dn(t)/dt", M-"n(0)") Units: **undefined**

"n(0)" = 1 Units: *undefined**

"n(t)" = INTEG ( "dn(t)/dt", "n(0)") Units**undefined**

SAVEPER = TIME STEP Units: Month Thedtency with which output
is stored.

TIME STEP =1 Units: Month The time step the simulation.
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Current % + t + + t + t + t

ActualCustomers
100

75

50

25

0
ConversionFlow

40

30

20

10

0 2.5 5 7.5 10
Time (Month

9*H2 2 > dK n(t) 8*P [ * S d 8"#0 N/P

i824[6 |2; 2T: 1J= {7J N'$P8[6 N82* F 3 N/
'3*H2 2 3=N82* >S 1@

sDetermining Model Parameter® K
[ 1 3*H2 " =h,2 )* 3/ L K HJ[ I
S * FA 564 8 * 9;8De* 2 'M n, ¢ 8K

9 ™ 19849 N*M X=2 [/ >J* C2 9L9 349 * >
1994

Year |1984|1985| 1986|1987 | 1988| 1989| 1990| 1991| 1992| 1993 | 1994

Market| 3.0 |25 |40 |75 |7.0 |13.0|17.0|29.0 |46.5|50.0 |49.5

Value

3=C2 9 LxXK12 3=9 > N Kurve Experta ¥+ S
3 * User-Defined Model * + ,-2 8 yXK12
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User-Defined Model: y=a/(1+b*exp(-c*x))

Coefficient Data:
a-= 57.760559
b= 286.77098
c= 0.72892383

S = 3.46006530
r = 0.98725204

Y Axis (units)
2
S

X Axis (units)

User-Defined Model: y=a/(1+b*exp(-c*x))
Coefficient Data:

a-= 57.760567

b= 138.3462

c= 0.72892364
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Y Axis (units)

S = 3.46006530
r=0.98725204

55 73 92 110
X Axis (units)

Excel: 8 &f -.#$ 7 | 6%%I0
8H9 %3=3 * N1

3* *(>10
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Solver 6= TOK

EqualTo3=5 ZK1 > W2J 9 L[2KSet Target Cell( » S
3* By Changing Cells; Z*> W2J ZK*8 Z* Min *(
"#N Solve"#dzZU $D$1:3D$39 0 ; 8 3=
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NL S2 E16 . 9@T ; IbS2KD3 D2 D18) | «S
':0> W2J 9L
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The Workforce Inventory Example 2 4L/ N - # m
82T=3/ 81,2 . 9// # H /=.#A HTd -2 64
#"M[1BK L 9 2, 12K 2 1G) iM > 3=N#* 9°<

2K 3=W=A 1 349;; \9J* 818 9 < ""*A 3= ;*A
9/ 81gu283* NP *M "< 9 # 2L 3 [1B81 /8F ¢g&

S-2
Inventory
Production
\ nventoryCoverag

Product|V|ty Targetlnventogg\
InventoryCorrectlon

Workforce ——Zt—p» TargetProducn f
NetleeRate TimeToCorrectinventory

TargeWorkforce

TimeToAd justWOrkforce

"#[2*8 ,-2
| Level S2*  ( { StocksW * #2 |
Inventory | G) m
Workforce9 2; |o
Flows A W2(9 (
| InflowN 1  M{IG) W* 8GKProduction *A mn
| Outflow 3H ( { IG) W* N;K Sales> |o
9 2; W* 8G8 (N ;8 RétHireRate )*AF 3=% |n |p
Auxiliary Variables # > Z* |,
Targetinventory T* | G) m
InventoryCorrection G) g K |o
TargetProductionT* ,*A |p
TargetWorkforce®O=T* 9 2; In

Constants-2 X 2Y[1
Productivity9 H* A
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InventoryCoveragéG) 9:ZK |o
TimeToCorrectinventoryG) g * 2: G Ip
TimeToAdjustWorkforced 2, N8* 2: G |n

Causal Relationships between Varialdez 3=9 > L
4dG) W* §S(

Workforc

o Productio
Productivit > Inventory
Sale

Inventory— InventoryCorrection— TargetProduction

9 2, WS Y

(Workforce
(TargeWorkforc NetHireRat
TimeToAdjustWorkforc Workforce
Productivit
zn> TargeWorkforc
TargetProducti

NetHireRate—— (Workforce)
Workforce<
Production—— Inventory

™ 16G) # Z* shY

InventoryCovera
gs> Targetinventory
Sale
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Targetinventory— InventoryCorrection—— TargetProduction

1IG) g K# Z* d

Productio
Inventor
(Sales

InventoryCovera InventoryCorrection
> Targetinvento
Sale

TimeToCorrectinventofy

InventoryCorrectiom—— TargetProduction—— TargeWorkforce

™ *A # Z* )

Inventor
Targetinvento InventoryCorrectio _
TargetProduction
y

TimeToCorrectinvento

Sale

Workforce
TargetProduction— Targ eWorkforc<
NetHireRate

=T 9 2;sl

Productivit
InventoryCorrectio :’> TargeWorkforce
> TargetProducti

Sale
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(NetHireRate)
Workforc
TargeWorkforce< Production

NetHireRate—— (Workforce)

Feedback Loops% 2 "+ |

4G)

W* 9°) 986Z*

Loop Number 1 of length 6
Inventory
InventoryCorrection
TargetProduction
TargeWorkforce
NetHireRate
Workforce

Production

9 2; W* 9°) 986z*

Loop Number 1 of length 1
Workforce
NetHireRate
Loop Number 2 of length 6
Workforce
Production
Inventory
InventoryCorrection
TargetProduction
TargeWorkforce
NetHireRate
sT* *A #

Z* 9 ") 986Z*

1

Loop Number 1 of length 6
TargetProduction
TargeWorkforce
NetHireRate

Workforce
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Production
Inventory

InventoryCorrection

dG) g K # Z* 9°) 986z2* 1

Loop Number 1 of length 6
TargetProduction
TargeWorkforce
NetHireRate
Workforce
Production
Inventory

InventoryCorrection

=T 9 2, # Z* 9°) 986 1

Loop Number 1 of length 6
TargetProduction
TargeWorkforce
NetHireRate
Workforce
Production
Inventory

InventoryCorrection

§-2 >S1

(rm) FINAL TIME =100 Units: Month
The final time for the simulation.

(02) INITIALTIME =0 Units: Month
The initial time for the simulation.

(03) Inventory = INTEG(Production-Sales ,300)
Units: Widget

(04) InventoryCorrection = (Targetlnventory - Invery)/

TimeToCorrectinventory

Units: Widget/Month

(05) InventoryCoverage =3  Units: Month

(06) NetHireRate = (TargeWorkforce -

Wiorce)/TimeToAdjustWorkforce

Units: Person/Month
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07)
(08)
(09)

(10)

(11)

(12)

(13)

(14)

(15)

(16)
17

Production = Workforce*Productivity

Units: Widget/Month

Productivity =1 Units: Widget/Month/Person

Sales = 100 + STEP(50,20) Units: Widget/Nhont
SAVEPER = TIME STEP Units: Month

The frequency with which output is stored.
Targetinventory = Sales * InventoryCoverage

Units: Widget

TargetProduction = Sales + InventoryCorrection
Units: Widget/Month

TargeWorkforce = TargetProduction/Productivity
Units: Person

TIME STEP =1 Units: Month
The time step for the simulation.
TimeToAdjustWorkforce = 3 Units: Month
TimeToCorrectinventory = 2 Units: Month
Workforce = INTEG(NetHireRate, TargeWorkforce

Units: Person

D; S 3=: 90 ; ,-2

runinv0ol —t—t+—1+—+%
Inventory

600
450
300
150

0

Production

400
300
200
100

0
Sales

200
170
140
110

80

[

| A

0 50
Time (Month

100
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1 1

runinvol —%

Workforce
400

300

200\ s s ]
100

0

NetHireRat

60
30
0

0 50 100
Time (Month

H
H
H

Graph for Inventory

600

450 T T T + T T

300 F—+—=¢

150

0 10 20 30 40 50 60 70 80 90 100
Time (Month)

Inventory : runinvQl—+—%+—%+—4+—%+—%+—1+—%+—+—+% Widget
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Graph for Workforce

400

300

200

H
H
A
H
H

100

0 10 20 30 40 50 60 70 80 90 100
Time (Month)

Workforce : runinvQl 4+——+——+——%+—%+—3%+—%+—1+—1+—+% Person

Time (Month) 0 1 2 3 4 5 6 7 8 9
10 11 12 13 14 15 16 17 18 19 20
21 22 23 24 25 26 27 28 29 30 31
32 33 34 35 36 37 38 39 40 41 42
43 44 45 46 47 48 49 50 51 52 53
54 55 56 57 58 59 60 61 62 63 64
65 66 67 68 69 70 71 72 73 74 75
76 77 78 79 80 81 82 83 84 85 86
87 88 89 90 91 92 93 94 95 96 97
98 99 100

"Inventory" Runs: runinv0l

Inventory 300 300 300 300 300 300 300 300 300 300
300 300 300 300 300 300 300 300 300 300 300
250 241.667 269.444 322.685 388.272 453.215 506549.985 555.977 549.973
528.308 497.203 463.414 433.022 410.524 398.35658292 404.408 418.328 435.206
451.737 465.224 473.925 477.189 475.377 469.633588 452.939 445.246 439.628
436.675 436.435 438.496 442.13 446.471 450.6760884456.216 456.971 456.438
454.92 452.836 450.626 448.68 447.279 446.5655426447.099 448.047 449.163
450.232 451.084 451.614 451.786 451.632 451.282698 450.128 449.636 449.287
449.115 449.119 449.269 449.516 449.802 450.014288 450.418 450.457 450.414
450.308 450.169 450.025 449.9 449.813 449.7727789449.816 449.88 449.954
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Time (Month) 0 1 2 3 4 5 6 7 8 9
10 11 12 13 14 15 16 17 18 19 20
21 22 23 24 25 26 27 28 29 30 31
32 33 34 35 36 37 38 39 40 41 42
43 44 45 46 47 48 49 50 51 52 53
54 55 56 57 58 59 60 61 62 63 64
65 66 67 68 69 70 71 72 73 74 75
76 77 78 79 80 81 82 83 84 85 86
87 88 89 90 91 92 93 94 95 96 97
98 99 100

"Workforce" Runs: runinvol

Workforce 100 100 100 100 100 100 100 100 100 100
100 100 100 100 100 100 100 100 100 100 100
141.667 177.778 203.241 215.586 214.943 203.584188 163.991 143.997 128.335
118.894 116.212 119.607 127.502 137.831 148.4G7585 163.92 166.879 166.531
163.486 158.701 153.264 148.188 144.261 141.9443%% 142.307 144.382 147.047
149.76 152.061 153.635 154.341 154.205 153.39214B2150.754 149.467 148.483
147.916 147.79 148.054 148.598 149.286 149.9775530150.948 151.115 151.069
150.852 150.53 150.172 149.846 149.6 149.461 3891419.508 149.651 149.828
150.004 150.15 150.247 150.286 150.272 150.2141350150.039 149.956 149.895
149.861 149.856 149.876 149.913 149.959 150.004045 150.064 150.074 150.069

104



Fibonacci Sequence ModelA 9%P |  -.# rh
9 Z* 9 N OH
(k+2)=y(k+D)+ Y K, ¥)=1 ¥ =1k=123,
1 y(9=y(D+ () =1+1=2
2 y(4)=y(d+y()=2+1=3
3 y(5)=y(4+y3J=3+2=5

£2 9 872 "0 9H "M T2

x(k+1)=y(K, k=123, , X 23=y1)=
9 .i=NN3=j82* 3P*2 =9 * 9= 91 g *=

Vensim:8 & A 9%P | # =GP >-.#

L

dy

3

E#» X
dx
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(1)
(2)
3)
(4)
(5)
(6)
(7)
(8)

dx=y

dy= y+x

FINAL TIME =10
INITIAL TIME =1

SAVEPER = TIME STEP

TIME STEP =1
x=INTEG ( dx,1)
y=INTEG ( dy,1)

k 1 2 3 4 5 6 7 8 9 10
1 3 8 21 55 144 377 987 2584 6765
1 2 5 13 34 89 233 610 1597 4181
1 [2K{x |9HG 1 S2Ky 9; 3P*2=9 ** | «S
|981°
2 3 4 5 6
3 8 21 55 14
x 1 2 5 13 34 8¢

106



Dynamic Stochastic Models%R Al % % $8 hi#d

Markovian Property of orderk 9H %P <, # %H48 K
OkO #TL"# *Kt G #9@2P 40 9LI"#F2K
+{y,¥< k¥ } X < -M "H;=t-1t- 2, K

P(%<SI¥a Yaro Vi Yoy ) = B ¥< S0 % i)
'9=2<  9%) Q*K3* 981 H2O4 N € 4
Vensim: 8 & %P <, # %R Al %< -.#3$0 % #
2808T 3=12 OF'LA 17; R 8l*A (H BF~
Q8k2K $ 3@ 2P@f:; 2 98T 3=1 F'LA "#*8F K
' 40 56418,2 12< '2 16528 K[ %d2* 3 D
R I2/= ¢243@2P f)y,242 98T 3=F'LA I(e*N
9=2 9%)

Y, =LY, LY ., e, ~ N(Os 2),"t
9 Z* 9 J* \9 N 9H Difference Equatio® L =91 564
12/=x,=y,e* h* 3 9H13M T2 2
Y, =F Y, %, €, e, ~ N(Os 2) "t
X = Yia
9; >S1 N=f=17f,=-072and °= : X < -M FAr 3o F”
¥%0=0,%=0 9 ( ;

Vensim )*+ N
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(01)

dx=y

(02) dy=phil*y+phi2*x+eps

(03) eps=RANDOM NORMAL(-3.99,3.99,0,1,19)

(04) FINAL TIME =2 The final time for the simulation.
(05) INITIAL TIME =0 The initial time for theisulation.

(06) phil = 1.7

(07) phi2 = -0.72

(08) SAVEPER = TIME STEP The frequency with whmutput
IS stored.

(09) TIME STEP =0.01 The time step for the dation.
(10) x=INTEG ( dx0)
(11) y=INTEG (dy0)
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dyvy

0.100

0.050

-0.050

-0.100

dy : Current

XVy

0.008

-0.009

-0.026

-0.043

-0.06

0.100

0.050

-0.050

-0.100

X : Current
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0.2

0.1

0 0.50 1 1.50
Time (Day)

y : Current

dy

0 0.50 1 1.50
Time (Day)

dy : Current
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X&Yy

0.2
0.008

-0.026

-0.2
-0.06

0 0.50 1 1.50
Time (Day)

y : Current

X : Current
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bifurcation kIA -.# nj

Ao a*K T2/ 3U8 NP I N/P Ib 7 K3* - 4( RP* -
‘- 564 (N*83* ,-2 h9 2/ 9: 420
9:) 9U™* >S1 9#2J) K e* 27 643=

x=-0.5x+ ay, |d< 0.4

y =Xx- 0.5y
9 .i=N/P T*

x -05 a x

1 -05 y

-05 a
A =

1 -05

-0.5 / a
det(A-1/)= det = (
1 -0.5 /

(-05 /) & 0
/,=-Ja- 05
/,=+a-05

VenSim?S# kIA -.# %#0

(01) a= -0.3  Units: *undefined**
(02) b= -05 Units: *undefined**
(03) c= -05 Units: *undefined**
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(04) "dx/dt" = b*x+a*y Units: **undefined**
(05) "dy/dt" = x+c*y Units: *undefined**
(06) FINAL TIME =10 Units: Month The final tienfor the
simulation.
(07) INITIAL TIME =0 Units: Month The initialitne for the
simulation.
(08) SAVEPER = TIME STEP Units: Month The fremey with
which output

IS stored.
(09) TIME STEP = 0.0625 Units: Month  The tireep for the
simulation.
(10) x=INTEG ( "dx/dt", 1)  Units: *undefined*
(11) y=INTEG ( "dy/dt", 1) Units: **undefined**

X : Current —t 1 1 1 1 :s :s .t .t t
y : Current 2 2 2 2 2 2 2 2 2 2
"dx/dt" ; Current 3 3 3 3 3 3 3 3 3 5

"dy/dt" : Current — 4 4 4 4 4 4 4 4 %
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0.06
0.6

0.8

-0.2

0 1 2 3 4 5 6 7 8 9
Time (Month)

X : Current —% t 1 Es Es 1 1 + + 1

y : Current 2 2 2 2 2 2 2 2 2 2
"dx/dt" : Current 3 3 3 3
"dy/dt" : Current — 4 4 4 4 4 4 4 4 4

2 Q 2 2 2
o o O O o

w

a=-0.3, b=-05 & 0.!

0 23 46 69 92 115 138 161 184 207
Time (Month)

x : Current —% 1 % % % % t =2 =2 1

y : Current 2 2 2 2 2 2 2 2 2 2
"dx/dt" : Current 3 3 3 3
"dy/dt" : Current — 4 4 4 4 4 4 4 4 4

[¢8)
[¢8)
[¢8)
w
w
[¢8)

a=-0.3, b=-03, & 0.
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800 B
2e+012
200B
400 B

-0.8 Tr
-2e+012
-0.2Tr
-0.4 Tr

0 23 46 69 92 115 138 161 184 207 230
Time (Month)

X : Current —% + t % % 1 1 1 1 1
y : Current 2 2 2 2 2 2

"dx/dt" : Current 3 3 3 3 = 3
"dy/dt" : Current — 4 4 4 4 4 4

N
N
N
N

w
w
w
w

i:N
i:N
5

abc N/ 9% ;9U™* >S1 9#2J K3# IJKH( s8K
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x=-a(x Y)
y=-xz+ bx y
Z= Xy- Cz

a=-0.1, b= 0.02, c=- 0.0

0 1 2 3 4 5 6 7 8 9 10
Time (Second)

x : Current 1 T T T T
y : Current —2 2 2 2 2

z: Current—3 3 3
"dx/dt" : Current 4 4 4
"dy/dt" : Current —5 5 5 5
"dz/dt" : Current 6 S 6

w

2 2 2 2
o O O O

A A A A
2 2 2 2

C C C C
J J J J

o o Fal Fal a
O O \% O 0
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The Pumping Heart Model k2/ P 2GlI 9 /O-.# 10

'] .GHQH"M9@ J<S 3Z ;WN9i<l ARL *#M /8

11*8 O<R; Oscillatorll1*< H38;KN/PI A RL9H6 /8 <
't ;K9 [( Systolee ;M .)KM 9 [(Diastole} Ms# N/P *

Electro-Chemical 3@ < T< 6 R; >i#} M e ;M 3= R *8

9 <v R; 3= Muscle Fibe®i# 9 F2D 24x | ( U*=M -+Stimulus
R; 9i#9 F2D3=e:A } AF I(9 J H ;=h6

9 JVY C Q|moR KXAX *186 9<Q 11G8

'9" F2DQ tL *K6° 9 <F I(H '92D

>: "# * R; 9#9 9< -2 9 U™ >S1  12<S(
'9:

[@* %L 9 * Vensim,-2 12< s Y

m=2cm/sec, x( Q= 2cm
v(0) = 1microgrm, t= 0 0.) 100se

N
;86 9<Q 11G8R; 9i#9 F2DB=A } AF | S (
MT2D9 JVY C > QmoR KXAN *

=v(t)- mx*(1)/3 x(1)

‘M9 F2DQ fL6*K 9 <F I

d NP T*

VensimQ 9 # - #% % c
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(01) dv= -x Units: microgrm/sec

(02) dx =v-mu*(((x"3)/3)-x) Units: cm/sec

(03) FINAL TIME =100 Units: Second The findkme for the
simulation.

(04) INITIAL TIME =0 Units: Second The initialime for the
simulation.

(05) mu=2 Units: cm/sec

(06) SAVEPER = TIME STEP Units: Second

The frequency with which output is stored.

(07) TIME STEP =0.1 Units: Second  The timepsfor the
simulation.

(08) v =INTEG ( dv, 1) Units: microgrm

(09) x=INTEG ( dx, 2) Units: cm
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Current * T T T T T T T T T T T T T T

X

dx

Current

Vv

dv

PAVAVAVAVAVAVAVAYAVAVAVAY

Time (Seconc

H
H
H
H
H
H
H
H
H
H
H
H

IRV ATATATATAT)

0 25 50 75 100

Time (Seconc
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Heart Rate v Fiber Length

4
2
0
-2
-4
-3 -2 -1 0 1 2 3
X

dx:Current—+—+—+—4%+—%+—%+—4+—4+—%+—+—+—+% cm/sec

|p{ N/!
Heart Rate v Stimulus
4
2
. +
2
-4
-3 2 -1 0 1 2 3

dx:Current—4+—+—3%+—3%+—3%+—%+—%+—%+—4+—4+—34+—+% cm/sec

In{ N/!
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Stimulus v Fiber Length

v:Current —t+—+—%+—+—%+—+—+—+—+—+—+—%+ microgrm

W N/t

Stimulus v Heart Rate

v:Current —t+—+—+—3%+—+—+—+—+—+—+—+—% microgrm

| x{ N/!
@ * 9PL
Systolee ;A "M|982D {Diastole} A F;*A I([nfN/! < 8
6 3 M3=R *8S3* {FO 3=.d e ;A T=~K|] L ( {
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"M Q= Q8 NP j;K 0 I+=6" 9 #9< #/ |R; [-B8
lp{ F/O '5 ZKF 6 [2* 3= Oscilation1?* 8|of{ N/! ', )

$82* "=98 >11* 9 DgU2I{"M

Ip{N/!'9i F2D UR; 9i#>i F m

I{N'6" 9 <UR; 9i#>i F 0

M{N/!'9i F2D U6 9 < ¢

IX{N'R; 9i#>i F U6 9 <en

s8 K

9i 9°*) F2D0|9 L 9* ~ 2 | {2 "# JK.H+ L m

a@* IL6 9% ><R;

6 >82* [ # R; 9i 1THM~ 83* «0

emR * XY YK 24p

IL2*K [ «9 L9 ~KmX ™ 9L[( # (6 S2* [(( #1 en
3@ J=t= 2 R 11* #R; 9i#
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Lorenz Attractors Models $, .!-. # 1))
1 1M 9:2 >2D 1 >S1 9: 9#2J 34c¢*82 > -H
ZK[(1(2) #B* 9 09/P ' *KS3* 2J } 0%* 1.Y(c*82
1*#0 #9# 8[6 |99=tH "8 YK {9 0} 03=d 2
'O /# (9 i*a@* "M[1B89 0} P 3#7
\QUK>S1 ~Y 12#/83< O N/ ! # #24c*2 9-H
Z* 64 6 -Mh Z* 9TJ*9164>S1 Nh"09H 9:
3=98k T G 12/ ' Q8N I+= G $ 7 ("#

B *<34>S1 'l (9YY
LX(0)=-ax()+ a()
Ly(0=bx9- W9 49 %)

Vensim S& -.#$ % #0

dx/dt=a(y-x) a=10 x(0)=0 dt=0.02
dy/dy=bx-y-xz b=28 y(0)=0. start time=0
dzldt=xy-cz c=2.67 2(0)=25 end time=100
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(01) a= 10 Units: **undefined**
(02) b= 28 Units: *undefined**
(03) c= 2.67  Units: *undefined**
(04) "dx/dt" = a*(y-x) Units: *undefined**
(05) "dy/dt" = b*x-y-x*z Units: **undefined**
(06) "dz/dt" = x*y-c*z Units: **undefined**
(07) FINAL TIME =100 Units: Second The finahte for the
simulation.
(08) INITIAL TIME =0 Units: Second The initidlme for the
simulation.
(09) SAVEPER = TIME STEP Units: Second
The frequency with which output is stored.
(10) TIME STEP =0.02 Units: Second  The timepsfor the
simulation.
(11) x=INTEG ( "dx/dt", 0) Units: *undefined*
(12) y=INTEG ("dy/dt", 0.1) Units: *undefim*
(13) z =INTEG ( "dz/dt", 25)  Units: **undefinet*
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40
40
60
400
600
600

-40
-40

-400
-600
-600

Time (Second)

X : Current —%
y : Current
z : Current
"dx/dt" : Current —
"dy/dt" : Current
"dz/dt" : Current

Current

X
40

20
OW

-20

-40
"dx/dt"

400

200

-200

400 25 5 7.5 10

Time (Second)
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Current
y

40

20

-40
"dy/dt"

600

300

-300

-600

2.5

5
Time (Second)
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Current t * * T T * * T T * * T * * T
z

60

45

30

15

0
"dz/dt"
600

300

-300

600 25 5 75 10

Time (Second)

xy-plane

40

20

-40

-19 -9 2 12 22

y : Current T T T T T T T T T T T T T T
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xz-plane

60

45

30

15

0

-19 -9 2 12 22

z : Current T T T T T * * * * T T T ;s ;s

yz-plane

60

45

30

15

0

24 -20 -16 -12 -8 -4 O 4 8 12 16 20

z:Current—t——4+—%+—3%+—4+—t+—4%+—4+—+—+—+—+—+%
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Prey and Predator Model % G # - #
64 -2 '12 64"#d=% 8[6 ]T* 12 1128 O ,-2 64
12/8 L "="T#% 8[6 3™: Q*J"# YK 12 G*Me*8
S,9k 1 ROY*hR A~ QL]JT* RO QiL12
gKSR , =2 12 1(90 Q 9; 3= 41#Q R *8F
11G8 286 R~ Q*J R 0 56#>*8R (wrr "<(% 8 If
'R 0 < <1#€41< <

R ,9< 91

O 64IK3* 9L >S1 o7

,
M =T +0 1—5—60 r.- 0.00T f,

R " 9< 91

f.., = f, +0.001r f, - 0.0%,
41 # 8G8S "# 41#Q R *8F 11GKRKR XR , 9< 91
| KR " 9< 9 'R "™ 1# rmm ; fL*K R ( wrr #
N< 41# rro ; TL*K R 0 1# r'emm Q * 41#11G8R 7
"1
Vensim: 8 &f -. #3 % #0
O 9< I8 Vensim )*+ 3 * a

changeRate

foxesChange

R()=R(t-1)+G[1-R(t-1)/500]R(t-1)-0.0001R(t-1)F (-1

F(t)=F(t-1)+0.0001R(t-1)F(t-1)-0.02F (t-1)
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200
400

-1
10
300

200

0 10 20 30 40 50 60 70 80 90 100
Time (Day)

change : Current+—+—%—4+—%+—%+—4+—%+—4+—%+—3+—+—+%
Foxes : Current 2—p —9 —9 9 5 —p 9 9 55—
Rabbits : Current 3—3—3—3 3 —3 3 —3—3—3—3—3

Foxe
(Rabbits change—— Rabbits

changeRatée

change—— (Rabbits)
Rabbits<
foxesChange—— Foxes

Loop Number 1 of length 1
Rabbits
change
Loop Number 2 of length 3
Rabbits
foxesChange
Foxes

Change
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(rm) change = changeRate*(1-Rabbits/500)*Rabbits-QL&RAbbIts*Foxes

(02) changeRate 0.01

(03) FINAL TIME =100 Units: Day The final time for the simulation.

(04) Foxes= INTEG (foxesChange20)

(05) foxesChange 0.001*Rabbits*Foxes-0.02*Foxes

(06) INITIAL TIME =0 Units: Day The initial time for the simulation.

(07) Rabbits= INTEG (change, 400)

(08) SAVEPER = TIME STEP Units: Day The frequency with which output
is stored.

(09) TIME STEP = 1Units: Day The time step for the simulation.

Current =* t T t T t T t

Rabbits
400

B

350

300

250

200
change

0 25 50 75 100
Time (Day)
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Graph for Rabbits

400 [

350

300

250

200

0 10 20 30 40 50 60 70 80 90 100
Time (Day)

Rabbits : Current+——F—+—%+—+—%+—+—t+—%+—+—%+—1+—+%

%99 Fal’
(Foxes
foxesChange—— Foxes
Rabbit
change— Rabbits
Foxes<i::
foxesChange— (Foxes)
%2 .8

Loop Number 1 of length 1
Foxes
foxesChange
Loop Number 2 of length 3
Foxes
change
Rabbits

FoxesChange
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Current T T T T T T T T

Foxes
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0
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Time (Day

Graph for Foxes
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100
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136



PYH-2 > HA
i8 "8 1:8 11G8|€ * h3/ 81{ G Q Z*8,![( StockW* |&n
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TO"#R: e 9 IK3 L1 *LM>S1 h5 1G) .*MF

128 G Q Z*K>S1 1%28[6 243/ 8K¥€ *3U8 -2 |[H
9 CA "#FKG C2=9{x=k« N*\'OL = 9 UK >S1
329 32 ON'K"S9H 9UR1 34|G

|¢of

x(t)- x(t dt)

H - t dt
" u x(t dt)

e H- x(t di)

x(t)- x(t df k H X-t d) d
x(t)=x(t- di)+ k H- Xt d) d

=x(t- )+ k H- x(¢ J
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X =%, +k(H- x,)

| +of

X, = X, +0.05 20000 x,) %= O= 0,12, ,10
X, = X%, +0.05 20006 §= 1000
X, = %, +0.05 20000 x)= 1006 0.5 20000 1080 1!
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(X)
H dx/dt X

X dx/dt

(x)

Loop Number 1 of length 1
X
dx/dt
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/= 1+2£ »1.618033¢
/,= 1'2ﬁ »0.618033¢
NP 3#R* K I | {
k=A VS g V5 gy
2 2
_1 1
NP 3#R* /K 1+=3 * B=_= A=—— |+=x =1 ~09 ;
K NG 7 X, (
x == (1+v5) - (£ V5 & 0.12..(T={ 0.1,2})
2./5
QUZ ]' t:1,2,...,25 ; X, H(Excel )*+ |’{
Al=1
A2=1
A3=A1+A2

A(n)=A(n-1)+A(n-2)
A4-A25 8) Y/ 980
| ; K B1=A2/A1QU2
B(n)® /,» 1.6180339, As®¥
| ;K C1=A1/A2QU2
C(n)® /,» 0.6180339, As® ¥
n=306 VO

Y™ FB
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Markovian 9=2< 9%) T 9 981 *LM 4'I( 1A . (F2;:8|¢
$38-=9 " 9H Property
91 R 9 ~ 9H 9=2< 9%) €@ 9<! T F'LA | {
oL °

x-ax,;- bxz ' 1t T e~ N04
(Second Order one State 9 Z* 9 Y 9H1 091 564 F2
]- (First Order two State Variable§) S z* " (9H 1 " M Variable)
V=%, QU2
; (Steady Statej ;*M *( O 6T ,-2 I2Vensim )*+ |, {

1) a=1.2, b=-07
2) a=-1.2, b=- 0.7

9 * . )*MOO
RANDOM NORMAL(-3.99,3.99 , mean ,standard deviatjisaed=Prime
Number )
INITIAL TIME =0
FINAL TIME =2
SAVEPER = TIME STEP
TIME STEP =0.01
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V orp *A9/ F2 (
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20000 —
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[(9f C2: R x, x,3# *Kx 8

X=X1TX,
X- X1m X5 oIt T

J x =/ 10QU2|{

Jt-] ) t=

/‘-ZQ 24 - 1): 0

/10
\ /2 /420
1' - 2_
/12:w if ax? + bx+ c=0, then % :bi— Vb™- 4ac
' 2 ' 2a
/, :1 +ﬁ »1.6180339,/ , =—1 - £“:'» 0.6180339
2 2 2 2
249L " 91 N I+=’9‘9;; # 91 GH |
x[:A/f+B‘,"f T
t t
x[:A1+\/§ cp L5 T
2 2
% =0,x=1
\'xs A B O A=-B
and>g:A1+\/E +Bl'—\/7“:' =1
2 2
v B 1+2\/B 1—2\/_5= 1

1
\ B = A=—F—
5

-1
\ X 2—1@ (+ Vs}+ (1 V5 & o12.

A B C

1 1 1

1 1 1

2 2 0.5

3 15 0.666666667
5 1.666666667 0.6
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8 1.6 0.625

13 1.625 0.615384615

21 1.615384615 0.619047619
34 1.619047619 0.617647059
55 1.617647059 0.618181818
89 1.618181818 0.617977528
144 1.617977528 0.618055556
233 1.618055556 0.618025751
377 1.618025751 0.618037135
610 1.618037135 0.618032787
087 1.618032787 0.618034448
1597 1.618034448 0.618033813
2584 1.618033813 0.618034056
4181 1.618034056 0.618033963
6765 1.618033963 0.618033999
10946 1.618033999 0.618033985
17711 1.618033985 0.61803399

28657 1.61803399 0.618033988
46368 1.618033988 0.618033989
75025 1.618033989 0.618033989
121393 1.618033989 0.618033989
196418 1.618033989 0.618033989
317811 1.618033989 0.618033989
514229 1.618033989 0.618033989
832040 1.618033989 0.618033989

B(n)® /,» 1.6180339,As 1® ¥
C(n)® /,» 0.6180339,As I® ¥

9k # TL "# *Kt
I+y,¥< &¥} X < -M "d;=t- 1t- 2,4 k

Markovian Property of orderk 9H

# 9@ 2P
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P(Y<SIYa Yoro Vi Yoy ) = B ¥< SLM b o)

x-ax,- bxz et T e~ NO04
Yoi=%, %= X%,

\ % ax# byt g
Yi = X1

(01) a=1.2

(02) b=-0.7

(03) dx = a*x+b*y+eps

(04) dy=x

(05) eps = RANDOM NORMAL(-3.99,3.99,0,2,19)

(06) FINAL TIME =2
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(07) INITIAL TIME =0

(08) SAVEPER = TIME STEP

(09) TIME STEP =0.01

(10) x=INTEG ( dx, 0)

(11) y=INTEG ( dy, 0)

Current
X

0.2

0.1

-0.1

-0.2
dx

0 0.50 1
Time (Day

(01) a=-1.2
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02) b=-07

(03) dx = a*x+b*y+eps

(04) dy=x

(05) eps = RANDOM NORMAL(-3.99,3.99,0,2,19)

(06) FINAL TIME =2

(07) INITIAL TIME =0

(08) SAVEPER = TIME STEP

(09) TIME STEP =0.01

(10) x =INTEG ( dx, 0)

(11) y=INTEG (dy, 0)
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Current
X

0.2

0.1

0 0.50 1 1.50
Time (Day

150



génnoemnod * N° 3@ T *A
[,- . {V opl
4& h6

D * 90 Q H"# RH(

F0FB
9 * Linear Differential Equation9:) 9 U ™* >S1 9#2J
x=-0.5x+ ay, |d< 0.4

y=x- 0.5y

G GJ H( x=Ax State Spaced A= N "# T *<( (]
'9 U™ >S1 o 3K a9 LI( A 9=2" Eigenvalues
9#2J 9e=/ Linear Difference Equation8:) 9L °~ >S1 R*<( {
}P N4 'x,=Ax,i=012 State Spac® .i=N/!"# T*<( 9;

'i8 4 3 3:8 a9lL"#

;o %=Ly,=129 0 ; 9L >S1  9#2J N Excel )*+ |,{

'a=0.3 =12, ,2C

sS™ FB

Drilling 2° b ) N1 + 11G8F * N; 3=x (Wells b 1#

d (Drilling Fraction ©= 9 )3# b 1#3# *K3* x (Wells
YfK n (Normal Drilling Fraction981 ~ 9 ) UN% 24 [6
64 e | Effict of Reserves on Drilling Fraction 9 "# 3D *A

3;* r (Petroleum Reserves * 3D *N 9H2 9L# 3:8 O
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3D *A3 S2* 9 # #24F* 3D *M 3;* GJ'° 9
T i |Initial Petroleum Reservds * 3D *A9 0 9 ;{" F *
/| F* 9<XL <F* 3D*M N[ ; 3; K <1389 5643=
;K 9 I+=6/4 TH M3=981 *LA;9XL < TH )*M
34 3* -x | Closing Wells9; Z b{ 24 , + tL*8 b 1#
, )*A YTK{ c |Normal Closing Fractio®81 CWY 9 { UN%
, J*A YIK' f |Effect of Extraction on Closing Fractigdh\A 9 3#
|Extraction per Welle N/ , )*A {3# Yi* K9 124C\A 9 3#
m |Maximum Extraction per Welle N/ O#0 , )*A {Q 9 ; p
3KeN O#0 , )*A"M ¢« N/, )*A 9 3=1;,="C\ A9 3#
11GK 6T 981 *LA' 5 H » NLNi80 92% ~<(g% , )*A I(
YK ¢« N/ O#0 , )*A UN% 24 « N/, )*A 'C\A 9
| Effect of Reserves on Extraction per WellN/ , )*A "# 3D *A
9 XLK /=3D*A ,)* F=* OH2 9L #[ 8 0 64 hn
'fL *8¢« N/ , )*A I+=3 * 92% < g 8, ) Al+=F* 3D *M
‘N1l M$c F* 3D*MS2* 1+=1J\ 24F * 10 (
g | Extraction, )*A { 9/ 9/ 24F* 3D *M r,) A
"b1# N ,)A UN% 343* 982
9L > >S1 R*( O 679 >L#{ M S2*r d) ( 4
'$ = / *K 3* Difference Equations
Vensim )*+ F * | )*A -2 I12< | {

YN FEB

'"J .GH Q H"M 9@ J<S 3Z ;K9)i<l ARL *#M /8

11*8 O<R; Oscillatorll1*< H38;KN/PI A RL9H6 /8 <
't;K9 [( Systolee ;M .)KM 9 [(Diastole} Ms# N/P *

Electro-Chemical 3@ < T< 6 R; >i#} M e ;M 3= R *8

9 <v R; 3= Muscle Fibe®i# 9 F2D 24x I( U*=M -+Stimulus
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R; 9i#9 F2D3=e ;A } AF I(9 J* H ;=h6
99 JVY C Q|moR KXAX *t1,86 9<Q 11G8
' F2DQ tL *K6™ 9 <F I(H '92D|98 * 1 0 *#({
9i#9 9< -2 Difference Equation® U * >S1  12<sS(
'9: > "# * R:
[@* %L 9 * Vensim,-2 12< s Y
m=2cm/sec, x( Q= 2cm
v(0) = 1microgrm, t= 0 0.) 100se
L FB
Logistic 9*H2 9 T*< 1%2K 3* 9 : 420 ~ €4
3 42 g8Y|cf 9 {, 2 (K 4'IK9 564 'Function
42 1IL2*8 Yai 9 { 42 BD *8 |[Y41kA 9 { * Exponential
"MG Ky I+=n(t) G t G # 40 9; G -+4 *A 9 {
24{ M 24 40 56T 2 I; I< -Mnitial Value9 @ 9 09;
|98 TS "M G FB8 #$K9;; B40O 9L$ NKI /8 "L(
849 kO N< # 40 IK3* Dynamic ModeR< 91 I+=
M

SUAETR (TRrS InaCE
D ' 40 56Wensimd:) 12< [
9 *> | {
Year Volume Year Volume
1084 0.0 1992 15.0
1085 15 1993 185
1986 2.0 1994 20.0
1087 25 1995 225
1088 4.0 1996 235
1989 5.0 1997 23.0
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1990 8.5 1998 27.0

1991 11.5 1999 27.5

)* ( y:1+§e_cx N/P "#91 6 Excel (Curve Expert)*( 90

'9  4JKS L[(( a=30=30,=0t9 ;<
'a@* %L O < [H({{ ; 3=d) <, 56 |

o dn(t): . M- n(t),

h S n() oL )*( 90
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gmnoemno@ ~ N° 3@T *f 9 * > HM

V orp 1l
F0FB 9 HM
€
x -05 a x
1 -05 y
-05 a
A =
1 -05
det(A-1/)= det °> 1 2o
1 -05/
(-05 /) & 0
/,=-Ja- 05
/,=+a-05
"o N 12/81(} 1564 /,<1 /<1 <I(J -04< a< 04 ;
| {
X, =-05x+ay, |d< 0.4, = 0,12,
Y = % - 0.5y
Xa o705 @ % G510
Yis 1 -05 Yy
'i8 4 :KO9; T 39 HA 1+=$ # T  Btate Matrix®@ 9=2"
| {
X y

1 1

=-0.5*A2+0.3*B2 =A2-0.5*B2
=-0.5*A3+0.3*B3 =A3-0.5*B3
=-0.5*A4+0.3*B4 =A4-0.5*B4
=-0.5*A5+0.3*B5 =A5-0.5*B5
=-0.5*A6+0.3*B6 =A6-0.5*B6
=-0.5*A7+0.3*B7 =A7-0.5*B7
=-0.5*A8+0.3*B8 =A8-0.5*B8
=-0.5*A9+0.3*B9 =A9-0.5*B9
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=-0.5*A10+0.3*B10 =A10-0.5*B10

=-0.5*A11+0.3*B11 =A11-0.5*B11

=-0.5*A12+0.3*B12 =A12-0.5*B12

=-0.5*A13+0.3*B13 =A13-0.5*B13

=-0.5*A14+0.3*B14 =A14-0.5*B14

=-0.5*A15+0.3*B15 =A15-0.5*B15

=-0.5*A16+0.3*B16 =A16-0.5*B16

=-0.5*A17+0.3*B17 =A17-0.5*B17

=-0.5*A18+0.3*B18 =A18-0.5*B18

=-0.5*A19+0.3*B19 =A19-0.5*B19
X y

1 1

-0.2 0.5

0.25 -0.45

-0.26 0.475

0.2725 -0.4975

-0.2855 0.52125

0.299125 -0.546125

-0.3134 0.5721875

0.32835625 -0.59949375

-0.34402625 0.628103125
0.360444063 -0.65807781
-0.3776453750.689482969
0.395667578 -0.72238686
-0.4145498470.756861008
0.434333226 -0.79298035
-0.4550607180.830823401
0.476777379 -0.87047242
-0.4995304150.912013589
0.523369284 -0.95553721
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x(t)=x(t- dj+ (v Ydt & x w<- X
y(t)=y(t- di}- wdt w vy

x=bx y=px <-»=gx @ cf

b=ng p=mh f=pm & pa k /)y

<-dx/dt>
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& " FB 9 HM
;86" 9<Q 11G8R; 9i#9 F2Ds8=A } AF [ I«
MT2D9JVY C  Q |[mOR KXAX *

=v(t)- m X (1)/3 x(1)

-M9° F2DQ tL *K6 9 <F [(

d NP T*

Vensima N* -2 | {

(01) dv= -x

Units: microgrm/sec

(02) dx= v-mu*(((x"3)/3)-x)

Units: cm/sec

(03) FINAL TIME =100
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(04)

(05)

(06)

(07)

(08)

(09)

Units: Second

The final time for the simulation.

INITIAL TIME =0
Units: Second

The initial time for the simulation.

mu= 2

Units: cm/sec

SAVEPER = TIME STEP
Units: Second

The frequency with which output is stored.

TIME STEP =0.1
Units: Second

The time step for the simulation.

v=INTEG (dv, 1)

Units: microgrm

x=INTEG (dx, 2)

Units: cm
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1 1

Current +—+—+
X

[EN
H
[EN
H
[EN
H
H
[EN
H
[EN
H
[EN
H

dx

0 25 50 75 100
Time (Seconc

M N/!

Vv

dv

2

0
-2
0 25 50 75 100
Time (Seconc

lo{ N/!
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Heart Rate v Fiber Length

dx:Current—t+——%F+—t+—%+—4+—%+—+—t+—+—+—+—+% cm/sec

|p{ N/!
Heart Rate v Stimulus
4
2
0
-2
-4
-3 -2 -1 0 1 2 3
Y,
dx:Current—4+——+—+—%+—4+—3%+—4+—%+—+—+—+—+% cm/sec
In{N!
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Stimulus v Fiber Length

-3 -2 -1 0 1 2 3

v:Current —t+—+—+—4+—4+—+—+—+—+—+—+—+ microgrm

W N/t

Stimulus v Heart Rate

4
2
0
-2
-4
-4 3 -2 1 0 1 2 3 4
dx

v: Current —4+—4+—4+—3%+—%+—4+—%+—+—3+—+—+—% microgrm
|x{ N/!
2@ * 9PL

Systolee ;A "M|982D {Diastole} A F;*A I( |[§N/! « 8
6 3 M3=R*8S3* {FO 3=.d e ;A T=~K|] L ( {
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"M Q= Q8 N/P j;K 0 I+8 9 #9< #/ |R; [-B8
lp{ F/O '5 ZKF 6 [2* 3= Oscilation11* go{ N/! ', )

$82* "=98 >11* 9 DgU2I{"M

Ip{N/!'9i F2D UR; 9i#>i F m

I{N'6" 9 <UR; 9i#>i F 0

M{N/!'9i F2D U6 9 < ¢

IX{N'R; 9i#>i F U6 9 < en

Q FB 9 HM
|

M-n(t) % > n(t)

8;K| {
Excel )*+ S

A B Cc D E

c= 0.473488084598268

M= 27.218780487999

n0= 0.691567114138888
Year Delta Year  Value  Logistic Sq Error
1980 =A5-$A$5 O =$D$2/(1+(($D$2-$D$3)/$D$3)*EXP(-$D'B5))  =(D5-C5)"2
1981 =A6-$A$5 15 =$D$2/(1+(($D$2-$D$3)/$D$3)*EXBPS1*B6))  =(D6-C6)"2
1982 =A7-$A$5 2 =$D$2/(1+(($D$2-$D$3)/$D$3)*EXP(-$D*B7))  =(D7-C7)"2
1983 =A8-$A%$5 2.5 =$D%$2/(1+(($D$2-$D$3)/$D$3)*EXBDPS$1*B8))  =(D8-C8)"2
1984 =A9-3A$5 4 =$D$2/(1+(($D$2-$D$3)/$D$3)*EXP(-$D*B9))  =(D9-C9)"2
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1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995

Year
1980
1981
1982
1983
1984
1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995

=A10-$A$5
=A11-$A$5
=A12-$A8$5
=A13-$A$5
=A14-$A$5
=A15-$A$5
=A16-$A$5
=A17-$A$5
=A18-$A%$5
=A19-$A8$5
=A20-$A$5

Delta Year

© 00 N o o~ W N+ O

e i <
g b W N B O

8.5
11.5
15
18.5
20
22.5
235
23
27
27.5

11.5
15
18.5
20
22.5
23.5
23
27
27.5

=$D$2/(1+(($D$2-$D$3)/$D$3)* EXPDS1*B10))
=$D$2/(1+(($D$2-$D$3)/$D$3) EXSHS1*B11))
=$D$2/(1+(($D$2-$D$3)/$D$3)*EXSD$1*B12))
=$D$2/(1+(($D$2-$D$3)/$D$3)* EXBDS1*B13))
=$D$2/(1+(($D$2-$D$3)/$D$3)* EXSD$1*B14))
=$D$2/(1+(($D$2-$D$3)/$D$3)* EXBDS1*B15))
=$D$2/(1+(($D$2-$D$3)/$D$3)*EXSD$1*B16))
=$D$2/(1+(($D$2-$D$3)/$D$3)*EXSD$1*B17))
=$D$2/(1+(($D$2-$D$3)/$D$3)* EXBDS1*B18))
=$D$2/(1+(($D$2-$D$3)/$D$3)* EXBDS1*B19))
=$D$2/(1+(($D$2-$D$3)/$D$3)*EXED$1*B20))

Sum=

0.473488085

27.21878049

0.691567114

Logistic

0.691567114
1.093543839
1.714073963
2.650992755
4.019328309
5.923649251
8.403403286
11.36711781
14.56684923
17.66362481
20.35934383
22.49780667
24.07261592
25.16994472
25.90542485
26.38562558

Sum=

=(D10-C10)"2
=(D11-C11)"2
=(D12-C12)"2
=(D13-C13)"2
=(D14-C14)"2
=(D15-C15)"2
=(D16-C16)"2
=(D17-C17)"2
=(D18-C18)"2
=(D19-C19)"2
=(D20-C20)"2
=SUM(E5:E20)

Sq Error
0.478265073
0.165206611
0.081753699
0.022798812
0.000373584
0.85312794
0.009330925
0.017657676
0.187619589
0.699523461
0.129127985
4.81069E-06
0.327888994
4.708660072
1.198094761
1.241830348
10.12126434

Curve Expert )*+ Y
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User-Defined Model: y=a/(1+((a-b)/b)*exp(-c*x))
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Coefficient Data:
27.218854
0.69156932
0.47348677

a=
b=

c=

M =27.218854, n, = 0.69156932,c =

M-n(t)

(01)

(02)

(03)

(04)

(05)

(06)

c=0

A7

dn(t)/dt = c*(M-n(t)/M)*n(t)

FINAL TIME =15

INITIAL TIME =0

M=27.22

M-n(t) = INTEG ( -dn(t)/dt, 30)
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n(t)

0.4734867 [(
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(07) n(0) = 0.69

(08) n(t) = INTEG ( dn(t)/dt, 1)

(09) SAVEPER = TIME STEP

(10) TIME STEP =1

Current

"n()"
40
30
20
10

0
"dn(t)/dt"
6

4.5

t
3
1.5

0 0 3.8 7.5 11.3 15
Time (Month

Current
"M-n(t)"
40
30
20
10

0
"dn(t)/dt"
6

4.5

t
3
1.5

0 0 7.5 15
Time (Month
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M-n(t)

(") dn(t)/dt n(t)
C
M
(M-n(t))
n(t)
dn(t)/dt——M-n(t)
C
M
M-n(t)
n(t) dn(t)/d
< (n(t)
M-
M-n(t) dn(t)/dt (M-n()
n(t)

2@ * 9PL

W* I(V FB 3= 2%2 3*H2 * 9JK 9 >2
dn(t)/dt Flow A 'IL2*8 Y3 2 "M52 F2*8 Y.d 2(§ Stock

tL* fD *8 Q8 fL K 18G 3=IL2K Y198 " 9+: 18G Z*8

L2*8™ .} * 3= *8
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4 orp 32

9 " F#,FS *S
g4mnogl4223 ~ N°

# s G
D * 9.0 Q H3#RH(

r
sS* # [
O 9 DbhActivity }P  hAttribute 9° h Entity @/ IBystem O
System State
'900 W2( <(
'30 [* 3= O N*8lg
r
S: ;N 9 * 9L ° >S1 N Excel )*+

1)x,= 0.3, +10,% = O,n= 1,...,50

2)%, = %../(1+x,,) ., % =10,n=1,...,50
x, =x,+0.7x ,+02,% =1n=1,.,1

Excel Solver )* 9 * > "# y=a+b¥X ,-2 D

X 0 1 2 3 4 5 6 7 8 9

y 32 47| 65 92| 132| 190, 275| 312| 509| 690
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$ %% 5

B-.#3 =%» gshL
MNopmnoo

P
%  2[& Y%o#! 324 k!

r
gP #L ( |of Occam's RazorT< 72 || s *+ #
Parsimony Principle
|w{ Endogenous Activitie® 9:P 0O |n{ System State O 9 |p{
Stochastic 9 @ 2P 9:P (x{ Exogenous ActivitesOH ) 9:P0
System O 9H6|z{ Discrete System® =~ 900 |y{ Activities
Flow 0 |mK StockW * |v{ Modeling
|[mdg Auxiliary Variables # > 7Z* ( Converters>S2 |men
Information Link> 2 d ( Connectors %2
N S
" 0981 *LA 9# *HA 9H2 982 QN9 : 420 € 4
# Zr > <W2J [ Kt G #3 81 O 3= Zx9< T=12/KK
NYKV t G # Z8 9<NK, tT TX<-+3-2 t-19 kO
‘9 9 Kk
9 k9O [( # O 9/ 81IK3* 9 ~9H 9L 91 *IM|m

"W
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9 .i= N/I! 3= 9; 9L QU |oState Space FornN/P 3 #

X, =AX,,,t=0,1,..T
V
11
A =
0 1

"A9=2" EigenvaluesG 6J H(|p
T#X 3* 9L 91 N EXCEL )*+ x=1,x=19 ( L6f|n
| ALA2,...,A3C 8) 3=N QU't=12..3C ; |nf3=
; | L Cl=A2/AL...C2%= A30A2 Bl=AlA2,.,B29= A29A3 QU2 |w
'A9=2" G 6J Q 9JK

r
Markovian 9=2< 9%) T 9 981 *LM 4°‘I(1A . (F2;8[¢
$38-=9 " 9H Property
R 9 ~ 9H 9=2< 9%) Q*8 O<T 32 F'LA | {

oL~ 91

x-ax, bxz e'Tt T g~ N04

(Second Order one State 9 Z* 9 Y 9H1 091 564 F2
]- (First Order two State Variable8) S Z* " (9H 1 " M Variable)
Y= %, QU2
;  (Steady Stateb *M *( O 6T ,-2 [2<Vensim )*+ |, {
Vo=1 X =1

1) a=1.2, b=-07
2) a=-1.2, b=- 0.7

9 * . )*MOO
RANDOM NORMAL(-3.99,3.99 r ,0,seedmv)
INITIAL TIME =0 FINALTIME =2
SAVEPER = TIME STEP TIME STEP =0.01
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$ %$ 5

vigh eiqg 2 R:$ 9\t 2# IE
B-. #3 =% 203L

r2 E

.10 d * 2,83 #3 =( 240ccam’'s RazorT< 72
N% * 4f (8M NLO "# (98 i \N% N< *MN<P{
|9/P {,P 641 K3*
-MF2;8p 3 V 3= Parsimony PrinciplgP #L ( |of
NL 28[6 -2 = * a@* ¢ 3:8 ,-2 "<(€4I<
'Ni=0 ,-2 24 > Z*r 1#
TK% > @/ N< |IK > Z* 34System State O 9 |p{
3=> Z2*Q*™ O 2K789 90 # O 3=9PO0
gk
"O N 19:P0 IK Endogenous Activitie® 9:P O |
O 9 3=9:P0 IK Exogenous Activite9H ) 9:PO0 W
Z O 389H 9Pf Y*8S[6 O'O 643# YBK3*
‘2 O $f1%28[6 9H ) 9P0O YP8[6 O «c/
N/P 4 YK Z*8 3* 34tochastic ActivitiesO @ 2P 9:P|&{
[6 XL2 ~=3 *MQ8k2* 1%2K 1 * >M/TJ@ * 12/K 3@ 2P#
Z*8 9 & F :#M G I <3 *MQ8k228% J* 9& $LZ*K
‘3@ 2P# N/P
Q:* NP O 9 T= Z*K Discrete System8 = 900 |y{
S#RDF2% hQ:;* N/P ~8Q 3=9%i F <M= G Q
" Qi* NP ~8Q@i
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-2 3 2/ 1 RJ8 O 9 System ModelingO 9H6|z{
>U *=M 9¢(3#9 Hf J* . HMeZ O 641%2 Model
~83%0 O :@i8s3*]-! O 3 # T@ HM /8S
9 11 <9 %0 $%2) $ = O ZKPPB8S$ #3=€ KM
1#+ ]- O F2> 2 #R8JK [/K O S ,-2

-M[6 3%0 O ¢ 2 N<.HM #9 %0 3 ,-2
Z*[1*LM O 9 ~=9 %0 9* S O9K1#M /8S ZK
/18,2 I( < 'THI/8Sa@* 3 [IBBLR: e >

-2 Y+ O < .HM /8 "=9U *>=M9(IB=7 8 I
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a=12, b=-07 ; M

(rm) a=1.2

Units: *undefined**

(02) b= -0.7

Units:; *undefined**
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(03) "dx(t)"= a*"'x(t)"+b*"y(t)"+epsilon

Units: *undefined**

(04)  "dy(®)"= "x(®)"

Units; *undefined**

(05) epsilon= RANDOM NORMAL(-3.99,3.99,0, 29)

Units; *undefined**

(06)  FINAL TIME =2 Units: Day

The final time for the simulation.

(07)  INITIALTIME =0  Units: Day

The initial time for the simulation.

(08) SAVEPER = TIME STEP
Units: Day

The frequency with which output is stored.

(09)  TIMESTEP =0.01  Units: Day

The time step for the simulation.

(10)  "x(t)"= INTEG (“dx(t)", 1)

Units: *undefined**

(12) "y(1)"= INTEG ("dy(t)", 1)

Units:; *undefined**
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(03) "dx(t)"= a*"x(t)"+b*"y(t)"+epsilon

Units: *undefined**

(04)  "dy(t)"= "x(1)"

Units; *undefined**

(05) epsilon= RANDOM NORMAL(-3.99,3.99,0, 291}

Units; *undefined**

(06)  FINAL TIME =2 Units: Day

The final time for the simulation.

(07)  INITIALTIME =0  Units: Day

The initial time for the simulation.

(08) SAVEPER = TIME STEP Units: Day

The frequency with which output is stored.

(09)  TIMESTEP =0.01  Units: Day

The time step for the simulation.

(10)  "x()"= INTEG ("dx(0)", 1)

Units: *undefined**

(12) "y(t)"= INTEG ("dy(t)", 1)

Units: *undefined**
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